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FINITENESS AND CONSTRUCTIBILITY IN 
LOCAL ANALYTIC GEOMETRY 

MAURICIO D. GARAY 

Abstract. Using the Houzel finiteness theorem and the Whitney-Thorn 
stratification theory, we show, in local analytic geometry, that the direct 
image sheaves of relatively constructible sheaves have coherent direct 
images. 



Introduction 



In 1953, Cartan-Serre and Schwartz proved that the cohomology spaces of 
a coherent analytic sheaf on a compact complex analytic manifold are finite 
dimensional ([71 [35]). In 1960, Grauert proved his direct image theorem stat- 
ing that the direct images sheaves R k f*F, associated to a coherent analytic 
sheaf T, are coherent provided that the holomorphic map / : X — > S is 
' proper. It is only with the work of Forster-Knorr and of Kiehl-Verdier, that 

O ■ a proof similar to the absolute one was done [IU[23] (see also [U[27]). Their 



^ \ proof was simplified and generalised to more general sheaves by Houzel ( |19j 

The aim of this paper is to deduce from the Houzel theorem, a practical cri- 
\Q . terion for the coherence of direct image sheaves, close in spirit to the works 

O I [H El [20l [HU [41]. The main difference of our approach is that, because we 

r*| ■ have in view applications to singularity theory, we use the Whitney-Thorn 

theory of stratified sets and mapping, which will consequently occupy most 
of the paper. One of the key results is the following theorem. 

THEOREM 1. Let f : (C n ,0) — ► (C fc ,0) be a holomorphic map germ satisfy- 
ing the a f -condition. The cohomology spaces H P (K ) associated to a complex 
j_j ■ of f -constructible Oc™ ,q- coherent modules are /~ 1 C'c fe ,0" coherent modules, 

for any p > 0. Moreover, the germ f admits representatives f : X — ► S 
such that the direct image sheaves are R"/*/C are Os-coherent and such that 
H p (K-) = (WfX')o, for any p>0. 

In the statement of the theorem IC' is the complex of coherent analytic 
sheaves in X whose stalk at the origin is equal to K' . 

Here /-constructible means nbrewise constructible, a notion that we shall 
carefully explain in the sequel. The representatives of the theorem are called 
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standard representatives, they will be defined in Section 11.31 
A particular case is when / defines an isolated singularity and the complex 
is the relative de Rham complex. In particular for hypersurface singularities, 
i.e. for k = 1, we get the Brieskorn coherence theorem ([5]). The proof of 
the theorem is indeed similar to that of Brieskorn. 

Then, we will give a generalisation of this theorem which is applicable for 
instance to complexes of modules over rings of pseudo-differential operators. 
As an illustration, we will give a simple proof of the algebraic form of the 
Sato-Kashiwara-Kawai division theorem for pseudo-differential operators due 
to Boutet de Monvel. 

The results of this paper might be well known to some specialists, but we 
have thought that a paper giving an elementary presentation of the subject 
together with simple criteria, based on stratification theory, of the abstract 
theorems might be of some use. 

1. The finiteness theorem in the absolute case 

1.1. Statement of the theorem. Given a sheaf T in C n , we denote by 
its stalk at the origin. We denote by B r C C n the closed ball of radius r 
centred at the origin and by B r its interior. In the absolute case Theorem Q] 
can be stated as follows. 

Theorem 2. For any constructible complex K,' of coherent analytic sheaves 
in B r C C n , the cohomology spaces H P (K'), K' = JC , are finite dimensional 
vector spaces, for any p > 0. Moreover, fore < r small enough, the canonical 
mapping fC'(B £ ) — > fC = K induces an isomorphism 

H P (K ) «lF(B e ,/C"),Vp> 

Here the constructibility of the complex JC' means that the cohomology 
sheaves 7i k (JC ) are locally constant on the stratum of some Whitney strati- 
fication. The proof of this theorem is a simple variant of the original Cartan- 
Serre-Schwartz proof. Although it is quite elementary, it contains in essence 
all the ingredients involved in the proofs of more elaborated results. We first 
give an example of application. 

1.2. Finiteness of de Rham cohomology of an isolated singularity. 

Consider the complex £l' x of Kahler differentials on a Stein complex variety 
IcC". For instance, if X is a hypersurface then the terms of the complex 
are Vt k x = Q^ n /(df A O^," 1 + where / is a generator of the ideal of X, 

the differential of the complex being induced by the de Rham differential. 
The Poincare lemma states that at the smooth points of X the complex 
is a resolution of the constant sheaf Cx, therefore if X has isolated singu- 
lar points the complex is constructible. Applying Theorem [2j we get the 
following result. 

Proposition 1.1. // (X, 0) C (C n ,0) is the germ of a variety with an iso- 
lated singular point at the origin then the complex of Kahler differentials has 
finite dimensional cohomology spaces. 
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If X is a hypersurface then, as conjectured by Brieskorn, these cohomology 
spaces are all zero except, possibly, for j = 0, n — l,n (|36j). 

1.3. A small review on the Whitney Stratification theory. A pair of 
C°° submanifolds U, V C M fc , diml/ < dim 17, satisfies the Whitney condition 
if the following property holds: for any pair of sequences (xj), (j/j) of the 
submanifolds U and V both converging to the same point, such that: 

(1) the sequences of secants (xjj/j) converges to a line L, 

(2) the sequence of spaces tangent to U at X{ converge to an affine sub- 
space icR fc 

then the line L is contained in the affine subspace A. 

Definition 1.1. A stratification |J™i x i of a subset I C iHy C°° man- 
ifolds is called a Whitney stratification if for any stratum Xj lying on the 
closure of a stratum Xi the pair (Xi,Xj) satisfies the Whitney condition. 

These definitions are due to Whitney [42] (see also [12| . Chapter 1). Whitney 
proved the existence of such a stratification for any real semi-analytic subset, 
constructive proofs were given in (28J [39]. Topological characterisation of 
Whitney stratification were given in [38 J . 

We shall say that two Whitney stratified sets intersect transversally if their 
strata intersect pairwise transversally. We denote by B £ C M fc the closed 
ball centred at the origin of radius e. A direct consequence of the definition 
is the following. 

PROPOSITION 1.2. Let X C R k be a Whitney stratified subset, then there 
exists Eq such that the balls B £ ,e < £q, intersect X transversally. 

Proof. If such an eq does not exists then we can construct a sequence (x-j) 
lying on a stratum, such that the affine space Tj tangent to the stratum of 
Xi at the point Xj is also tangent to the boundary of the ball B^ji of radius 
In particular the secant (Oxj) is perpendicular to Tj. This contradicts 
the Whitney condition. □ 

We say that a real vector field on a Whitney stratified set is stratified if its 
flow is continuous and if the restriction of the vector field to each stratum is 
C°°. A typical example, in M 3 , of a stratified vector field is given by 



for the stratification consisting of the z-axis and its complement. 

A vector field will be called tangent to a stratified variety if it is tangent 

to all its strata. One of the main property of Whitney stratifications is the 

following. 

Theorem 3 ([42]). Any C°° vector field tangent to the stratum M of a point 
x £ X of a Whitney stratified setX extends to a stratified vector field tangent 
to the strata to which M is adjacent. 
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This theorem can also be deduced from [12], Chapter II, Corollary 2.7 (see 
also Subsection 12. II) . It implies in particular the germ of X at a point which 
belongs to a stratum of positive dimension is homeomorphic to the germ of 
the product of a stratified manifold by a real line. 

Example 1.1. Consider the real singular surface 

S = {(x, y, z) e R 3 : xy{x + y){x - zy) = 0}. 

According to the Whitney theorem, in a small neighbourhood of the point 
(x,y,z) = (0,0,1), it is homeomorphic to the product of four lines by R. 
Different slices {z = constant} consists of four lines having different cross- 
ratios, thus the surface is not locally diffeomorphic to a product. 

1.4. Construction of the contraction. We apply the previous consider- 
ation to C" ps R 2n with the stratification given by a constructible complex 
of coherent analytic sheaves fC' defined in a neighbourhood U C C n of the 
origin. Recall that the complex is constructible means that there exists a 
Whitney stratification of the neighbourhood U such that the cohomology 
sheaves are locally constant on each stratum. According to Proposition 11.21 
we can find a ball B £a C U such that all strata in U are transverse to the 
boundaries of the balls B £ for any s < Eq. 

The aim of this subsection is to prove the following proposition. 

Proposition 1.3. The restriction mappings r : JC'(B £ ) — > KL'{B £ >), 
r : IC'(B £ ) — > KL'(B e ) are quasi-isomorphisms for any e' < e < Eq. 

We consider only the case of r, the other case being perfectly similar. 

It is obviously sufficient to prove the proposition for e' sufficiently close to e. 

LEMMA 1.1. For any e < Eq, there exists a stratified vector field in B £o C C n 
everywhere transversal to the boundary of B e . 

Proof. Let M C B £0 be the stratum of minimal dimension which intersects 
the ball B £ . Let d : B £0 — ► R be the algebraic euclidean distance of a point 
y G B £o to B £7 that is, inside B £ it is the euclidean distance and outside B £ , 
it is minus the euclidean distance. 

We denote by 9m the gradient vector field of d with respect to the metric 
induced by C n w R 2n on B £o . The vector field 6 M is a C°° vector field 
tangent to M and transversal to the intersection of M with B £ . 
By Theorem [3j the vector field 6m extends to a stratified vector field 9 in 
B £o transversal to M n B £o . □ 

LEMMA 1.2. The restriction mapping r : IC'(B £ ) — ► K,'{B e i) is a quasi- 
isomorphism. 

Proof. Denote by (p :] — 5, 5[xB £ — ► B £ the flow of the vector field 9 where 
5 is small enough so that it induces a map which is a homeomorphism onto 
a neighbourhood of the boundary of B £ as stratified sets: 

}-5,5[xdB £ — > B £ , (t,x) i->- (p(t,x). 
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We chose e' close enough to B £ so that the boundary of B £ i is contained in 
the image of this map. 

Chose an acyclic covering U = (Ui) of B £ , its image U' = (U-), U[ = UiC\B e i, 
is an acyclic covering of B £ i . 

Consider the spectral sequences E p ' q (B £ ) = C p {U,K q ), E p ' q (B £ >) = C P (U' 
for the hypercohomology of the complex /C". Here, as usual, C'(-) stands for 
the Cech resolution. 

The map ip induces a homeomorphism between each stratum in Ui and the 
corresponding stratum in U[ for each i. As the cohomology sheaves are lo- 
cally constant on each stratum, we have a group isomorphism TL q (K,')(Ui) « 
Tt q (lC')(U-) on each small open subset Ui. Therefore, the restriction map- 
ping induces an isomorphism between the .Ei-terms of the hypercohomology 
spectral sequences: 

E p ' q (B £ ) = C p {U,H q (lC )) « C p (U',n q (JC-)) = E{' q {B £l ). 

This shows that the hypercohomology spaces W(B e ,lC') and W(B e >,IC') are 
isomorphic. 

By Cartan's theorem B, for any p > 0, we have the isomorphisms 

W(B e ,K-) « W(K-(B e )), W{B £ ,,K-) w H^K (B E ,)), 

therefore the restriction mapping is a quasi-isomorphism. This proves the 
lemma. □ 

1.5. A small review on Grothendieck's theory of topological tensor 
products. The restriction mapping constructed in the preceding subsection 
has the property to be nuclear, a notion due to Grothendieck that we shall 
now explain. We consider only vector spaces over the field of complex num- 
bers. 

A topological vector space is called locally convex if its topology is gen- 
erated by a set of continuous semi-norms (p n ), n G that is, the subsets 
Vn,e = {x £ E : p n (x) < e} form a fundamental system of 0-neighbourhoods. 
A locally convex topological vector space E is called a Frechet space (or an 
F-space) if it is complete and metrisable or equivalently when the topology 
of E is generated by a countable set of semi-norms. 

Example 1.2. Consider the vector space Oc{D) of holomorphic functions 
on the open disk. Each compact neighbourhood K C U defines a norm 
\\f\\ K = sup xeK \f(x)\. The neighbourhoods V K , £ = {/; ||/||k < e} form a 
basis of neighbourhood of the origin which induces a Frechet space structure 
on the vector space Oc(U). Indeed, consider the sequence (K n ) of closed 
disks of radius 1 — 1/n. The neighbourhoods Vx nj e form a countable basis of 
0-neighbourhoods in Oc(D). There is no difficulty in extending this example 
to higher dimensions. 

A subset of a locally convex topological vector space is called bounded if all 
semi-norms are bounded on it. 
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The strong dual E' of a topological vector space E means the topological 
dual together with the topology induced by the semi-norms 

Pb(u) = sup \u(x)\ 

x€B 

where B runs over the bounded subsets of E. For instance if E is Banach, 
this is the topological dual with the operator norm topology. These defini- 
tions are standard [2]. 

Given two locally convex spaces E, F, we denote by E(&F the set of ex- 
pression of the type v = ^i x i ® Ui where the sequences (xi) and (yi) are 
bounded and Yli M < 00 ■> it ls called the topological tensor product of the 
two spaces. 

THEOREM 4 ([IH[T5]). The topological tensor product of two Frechet spaces 
is complete and separated, thus it is also a Frechet space. 

THEOREM 5 ( |14l I15| ). The topological tensor product of the strong dual of 
a Frechet space with a Frechet space is complete and separated. 

A bounded linear mapping u : E — > F between Frechet spaces is called nu- 
clear Hit lies in the image of the canonical (Kronecker) embedding E'®F — ► 
L(E,F). Nuclear mappings are limits of finite range mappings, they are 
therefore compact. 

Example 1.3. Take E = O c (D), F = O c {D') where D, D' are open disks 
centred at the origin such that the radius r of the disk D' C C is strictly less 
than that the radius R of D. 

The restriction mapping p : Oc(D) — ► Oc(D') is nuclear. To see it, define 
the linear forms a n 

B .: eWfl )^C,/~^/JM* 

where 7 is a path in D \ D' which turns counterclockwise around the origin. 
We have the equality 

n>0 

This shows that p is nuclear. This result extends to arbitrary Stein neigh- 
bourhoods [23] (see also 1211). 



Consider a coherent analytic sheaf T in C™ and take a presentation of this 
sheaf 

fO n i ► n n o > -r > n 

This exact sequence induces a Frechet structure on the vector space F(U) 

for any Stein neighbourhood U C C n . This structure is independent on the 

choice of the presentation [7] (see also [10], Proposition 4). 

The proof of the following proposition is a generalisation of our previous 

example. 
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Proposition 1.4 ([3 [23]). For any coherent analytic sheaf J 7 in C n and 
any Stein neighbourhoods U, U' so that the closure of U' is a compact subset 
of U, the restriction mapping T(U) — > F(U') is nuclear. 

1.6. The Schwartz perturbation theorem and the Houzel lemma. 

The following theorem was proved by Schwartz for the more general case of 
compact operators. 

Theorem 6 ([35]). Let f : E — ► F be a surjective continuous linear mor- 
phism between Frechet spaces. For any nuclear map u : E — ► F, the cokernel 
of the map f + u is of finite dimension. 

COROLLARY 1.1 (|35J). LetM',N' two complexes of Frechet spaces for which 
there exists a nuclear quasi-isomorphism u : M' — ► N' . Then, the cohomol- 
ogy spaces of the complexes are finite dimensional. 

Proof. We apply Theorem [6] to the maps 

f k :M k x N^ 1 — ► N k , (a, p) ^ u(a) + dp. 

□ 

The following result was proved by Houzel under much more general assump- 
tions, for a proof of this lemma we refer to Houzel's paper. 

Lemma 1.3 ([19]). Any nuclear mapping u : E — ► E of a Frechet space to 
itself can be written as u = u' +u" where u' is of finite range, i.e. dimlmu' < 
+oo, and I + u" is invertible. 

Remark that for Banach spaces the proof of the lemma is obvious. This 
lemma implies the Schwartz perturbation theorem. Indeed, consider first 
the case where / is the identity mapping. Take u,u',u" as in the lemma, as 
the map I + u" is invertible, the map I + u = (I + u") + u' has a cokernel 
of finite dimension. 

Now, consider an arbitrary surjective map / : E — ► F. I assert that any 
nuclear mapping u factors through / by a nuclear mapping: 

E 

V I 

i 

E 

As u is nuclear, we may write u = ^2 i>0 \£i®Vi where £j and j/j are bounded 
sequences, ^2 i>Q \W < +oo and lim = 0. 

i — >+oo 

As / is surjective, the Banach open mapping theorem implies that there 
exists a sequence (xj) converging to zero in E which lifts the sequence (g/j), 
that is, f(xi) = yi and lim Xi = 0. 

i — >+oo 

We define the nuclear map v by the formula v = ^i>o ^»^» ® x i- The 
map I + v and consequently the map / o (J + v) = f + u have a finite 
dimensional cokernel. This shows that the Schwartz perturbation theorem 
is a consequence of Lemma 11.31 
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1.7. Proof of Theorem [2], As the restriction mapping fC'(B e ) — > JC'(B e >) 
is a nuclear quasi-isomorphism (Proposition II .31 and Proposition II. 4p . Corol- 
lary 11.11 applies. This shows that the cohomology spaces of the complex 
K,'{B e ) are finite dimensional vector spaces or equivalently that it is quasi- 
isomorphic to a complex C of finite dimensional constant sheaves C k « C™ fe . 
As tC'(B £ ) is quasi-isomorphic to K'{B e i), we may construct an exhaustive 
sequence of compact neighbourhoods of the origin (B En ) so that K,'(B £n ) 
is quasi-isomorphic to fC'(B £n+1 ). In the limit n — > oo, we get that the 
complex K' = /C is quasi-isomorphic to the stalk of the complex C at the 
origin. This concludes the proof of the theorem in the absolute case. 

2. Relatively constructible sheaves 
We explain the notion of /-constructibility introduced in Theorem [H 
2.1. A review on stratified mappings. 

Definition 2.1. A continuous map between Whitney stratified topologi- 
cal spaces / : X — > Y, X = UjXj , Y = UjYj is called stratified if it 
maps stratum into stratum, and if the restriction of / to each stratum is a 
submersion. 

Definition 2.2. A stratified map / : X — ► Y, X C M fc , satisfies the condi- 
tion (if if for any sequence of point (xj) in a stratum Xj converging to a point 
x in an adjacent stratum Xy, for which the affine subspaces Ker df\x 
converge to a limit A C M fe , we have the inclusion Ker df\ Xj , ( x ) C A. 

A map germ satisfies the a/-condition if it admits a stratified representative 
satisfying the a/-condition. These definitions are due to Thorn [40] (see 
also [30]). The following result is fundamental in the theory of stratified 
mappings. It is a direct consequence of [12], Chapter II, Theorem 2.6, the 
proof being similar to that of [12], Chapter II, Theorem 3.2. 

Theorem 7 ( [40J ) . Let f : X — ► S be a stratified mapping satisfying the 
af-condition. Let M be a stratum in the Whitney stratification of X. Any 
stratified vector field on M tangent to the fibres of fi^ extends to a stratified 
vector field 6 on the strata to which M is adjacent, tangent to the fibres of 
the map f. 

DEFINITION 2.3 (|26J). A standard representative f : X — ► S of a flat holo- 
morphic map germ / : (C n ,0) — ► (C fc ,0) satisfying the aj condition is a 
proper stratified representative such that there exists another flat holomor- 
phic representative g : Y — > S satisfying the following conditions: 

(1) S is a closed polydisk containing the origin such that the fibres of 
g intersect transversally the boundary of some ball B £ above S and 

x = g - 1 (S)nB e , 

(2) the fibre <? -1 (0) is transverse to the boundary of the balls B' e for any 
e' <£. 
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(3) the map g satisfies the aj-condition. 

Remark that we abusively denote by the same letter the germ and a standard 
representative of it. 

2.2. Relative constructibility. 

Definition 2.4. Consider a stratified map / : X — ► S satisfying the a/ 
condition. A sheaf T is called f-constructible if the following condition holds: 
for each point x G X there exists a neighbourhood U inside the stratum of 
x such that 

F\u ~ f~ (f\u)*F- 

If / is the map to a point, a /-constructible sheaf is a constructible sheaf in 
the usual sense. 

Definition 2.5. Consider a stratified holomorphic mapping / : X — ► S, 
X C C n , S C C k , satisfying the aj condition. A complex (JC',5) of Ox- 
coherent sheaves is called f-constructible if its cohomology sheaves 7i (JC ) 
are /-constructible and if its differential is f~ 1 Os linear. 

The notion of /-constructibility extends to germs: given a holomorphic map- 
germ satisfying the a /--condition / : (X, 0) — ► (5,0), a complex (K',5) of 
Cc n ,o-coherent modules is called f-constructible if there exists a standard 
representative / : X — ► S and a complex (JC',5) of /-constructible Ox- 
coherent sheaves such that K' is the stalk at the origin of the complex JC . 

2.3. The relative de Rham complex. We give a simple example of rela- 
tive constructibility: the relative de Rham complex for an isolated singular- 
ity. 

We consider the relative de Rham complex J7j associated to a holomorphic 
map / : X — ► S, X C C n , S C C k and assume that S is a smooth complex 
manifold (|16j). 

For instance if S = C then the complex has terms fiy = Q? x /^l^ 1 A df and 
the differential is induced by the de Rham differential. The differential of 
the complex is obviously / _1 Os linear: 

7r(d(fa)) = ir(df A a + fda) = n(fda) 

where it : Q' x — ► denotes the canonical projection. A flat holomorphic 
map-germ / : (X,0) — ► (C fe ,0) defines an isolated singularity if its special 
has an isolated singular point at the origin and if it satisfies the ay-condition. 

Proposition 2.1. The relative de Rham complex f2j associated to a flat 
holomorphic map-germ f : (X,0) — ► (C fc ,0) defining an isolated singularity 
is f-constructible. 
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Proof. Take a standard representative / : X — ► S of the morphism. Con- 
sider the stratification consisting of the smooth points of the morphism 
(smooth points of the fibres) and its complement. Stratify the map / : 
X — ► S by refining this stratification. At a regular point of /, the implicit 
function theorem shows that the relative de Rham complex is a resolution of 
the sheaf f~ 1 0$ (this statement is known as the relative Poincare lemma). 
As the singular set of the fibres is either empty of finite, on each fibre, the 
cohomology sheaves restricted to the other strata are constant (any sheaf 
restricted to a point is constant). Therefore the relative de Rham complex 
is constructible. □ 

For non isolated singularities the situation if of course much more delicate 
as the de Rham complex is not always constructible. Additional conditions 
implying the constructibility have been given in [Tl l32l HI] . 
The notions of Theorem Q] are now explained. 

From Theorem [I] and Proposition 12.11 one deduces the following result. 

Theorem 8. For any flat holomorphic map germ f : (X,0) — > (C fe ,0) 
defining an isolated singularity, the cohomology spaces H P (Q'^) of the relative 
de Rham complex are f~ 1 O c t ^-coherent modules, for any p > 0. Moreover, 
for any standard representative f : X — ► S of the germ f , the sheaves 
M'/*f2y are Os -coherent and the canonical map Q'j-(X) — ► f2^ Q induces an 
isomorphism (MPf*£lf)o « H p (Q'jr ). 

If X is smooth and if the components of / define a complete intersection, 
these modules are all zero except for p = 0, dim A — 1 ([51 [T3J [29]). 

3. proof of Theorem CD 

3.1. Construction of the contraction. As we saw for the absolute case, 
the first task is to construct a contraction. Let / : X — > 5 be a standard 
representative, X = Y n B £ . 

PROPOSITION 3.1. For any standard representative f : X — ► S and any 
e' < e, the restriction mapping r : JC'(X) — ► JC'(X'), X' = f~ l (S) H B e i is 
a quasi-isomorphism. 

Proof. Let M C Y be the stratum of minimal dimension which intersects the 
ball B e ; and denote by 9m the gradient vector field of the distance function 
to B £ restricted the fibres of f\M- 

By Theorem[7]the vector field 9m extends to a stratified vector field 9 tangent 
to the fibres of /, transversal to the boundary of X (because of the a/ 
condition). Chose an acyclic covering U = (Ui) of X, and take e' sufficiently 
close to e, so that the strata in XJ[ = UiH B e > are homeomorphic to those in 
Ui. 

As the complex of sheaves is /-constructible and f(Ui) = f(U[), we have 
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vector space isomorphisms 

on each small open subset t/j. Consequently, the corresponding hypercoho- 
mology spectral sequences show that the restriction mapping r : JC'(X) — > 
JC'(X') is a quasi-isomorphism for any e' < e. □ 

3.2. Frechet modules and nuclear mappings. Let A be a Frechet alge- 
bra, that is a Prechet vector space for which the multiplication is continuous 
and associative. We shall assume that the semi-norms defining the topology 
also satisfy the inequalities p n (ab) < p n (a)p n (b), Vn E N. In the paper of 
Kiehl-Verdier this condition is replaced by a more general condition. 
Let us be given two Frechet spaces E, F which are A-modules, that is, mod- 
ules in the usual sense with the additional condition that the multiplication 
mapping is continuous. 

The topological tensor product E®aF is defined as the cokernel of the map 

(E^cA^cF) — ► (E(3cF),m <8> a (g> n — ► ma <8> n — m ® an. 

A bounded linear mapping u : E — ► F is called A-nuclear if it lies in the 
image of the canonical (Kronecker) embedding E'®aF — ► L(E,F). Here 
E' is the strong dual of E. These definitions are due to Kiehl-Verdier (|23J). 



Example 3.1. Take A = O c (S), E = O c2 (D x S), F = C 2(D' x S) where 
D,D',S are disks centred at the origin in C such that the respective radius 
R, r of the disks D, D' C C are such that R > r. 

The restriction mapping p : C 2(D x S) — ► 0^2 (D') is ©(^-nuclear. In- 
deed, let us define the C(5)-linear forms a n 

a n :0 C 2(DxS)^0 C 2(S), f ^ -L J ^dz 

where 7 is a path in D\D' turning counter-clockwise around the origin. We 
have 

Exk 2 n , r 

A a n ®— , A = -. 

n>0 

This can also be seen directly using the isomorphism 

& (DxS)RiOc(D)®Oc(S). 

We saw that the restriction mapping 

r : O c (D) — » Oc(D') 

is C-nuclear, therefore by tensoring both sides by Oc(S), we get an Oc(S)- 
nuclear map. 
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Following Kiehl-Verdier, we say that a map u : E — ► F between two A- 
Frechet algebras is A-quasinuclear if there is a commutative diagram 



G 




F 



where tt is surjective and v is A- nuclear. The reason for considering this 
notion is explained by the following proposition which is a direct consequence 
of Proposition ll.4[ 

PROPOSITION 3.2 ([23]). For any coherent analytic sheaf T in C n x C k and 
any Stein neighbourhoods U, U' so that the closure of U' is a compact subset 
of U C C n and any Stein neighbourhood S C C k , the restriction mapping 
F{U x 0{S)) — ► F(U' x 0(S)) is 0(S)-quasinuclear. 

A locally convex vector space E is called nuclear if any mapping from E to 
a Banach space is nuclear. 

Theorem 9 ([HI E]). The Frechet space of holomorphic functions on a 
polydisk is a nuclear space. 

Kiehl and Verdier showed that the following theorem is a consequence of 
Grothendieck's characterisation of nuclear spaces (namely the coincidence of 
the inductive topological tensor product with the projective one). 

THEOREM 10 ([23]). For any nuclear Frechet space E, the functor <£>cE is 
an exact functor from the category of Frechet spaces to itself. Moreover, if 
E is a free module over a nuclear Frechet algebr^A, then the functor ®aE 
is also exact. 

Corollary 3.1 ([19, 23J). For any C n+k -coherent sheaf T , any polycylin- 
ders S,S' C C k , S' C S, and any Stein open subset U C C n , we have an 
isomorphism of Frechet modules over the ring O^k (S) 

F(U x S)®0 C k(S') « F{U x S'). 

3.3. Comparison of Kiehl-Verdier and Houzel's theorems. We now 

formulate a special case of the Houzel theorem. First, we translate almost 
literary the following theorems from their original papers the results of Kiehl- 
Verdier and Houzel. Most of the notions introduced in both theorems will 
not be used in this paper. 

Theorem 11 ([23]). Given a nuclear chain (At, (ft) of algebras and a quas- 
inuclear quasi-isomorphism between complexes bounded from above 

f : N' — ► AT 



1 That E is free means that it is isomorphic to a product A®cV where V is a nuclear 
I/F-space. 
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such that M' is transversal to A t for all t 's. M n and N n are nuclear for all 
n. ipt>t satisfies condition B for all t' < t. Then there exists a complex of 
finite type free Ap-modules, bounded from above, and a quasi-isomorphism 

F' — ► M\ 

The following theorem due to Houzel shows that most assumptions of the 
Kiehl-Verdier theorem are superfluous. 

THEOREM 12 (|19j). Let A be a multiplicatively convex, complete bornological 
algebra and let {Ml) be a sequence of complexes of complete bornological A 
modules; let be given for 1 < i < r, a homomorphism of complexes U{ : 
Mj'_i — ► Mj' (A-linear and bounded), and integers a,b 6Z, with a < b. 
We make the following assumptions 

(1) for all i, M" satisfies the homomorphism property for n > a and is 
zero for n >b, 

(2) for 1 < i < r, ui is a quasi-isomorphism (see [22JJ and is A-nuclear 
in degree > a, 

(3) r > b-a + 1. 

Then the complexes M i are a-pseudo- coherent (see |22j ). 

We now deduce the Kiehl-Verdier from the Houzel theorem by reducing the 
above theorem to some special case. 

In our case, we take r = 3, so that i = 0, 1, 2, and a = 0, b = 2, so that is 
zero, The complex denoted N',M' in the Kiehl-Verdier theorem are denote 
Mq,M 1 in the formulation given by Houzel. 
The Houzel theorem implies the following resulid. 

Theorem 13. Let A be a Frechet algebra and M',N' two complexes of 
Frechet spaces for which there exists a quasinuclear quasi-isomorphism u : 
N' — > M' . Then, there exists a complex of finite type A-modules quasi- 
isomorphic to M' and N' . 

It is a remarkable fact that the proof of this result relies essentially on a 
generalisation of Lemma [L3l to Frechet modules. 

3.4. Proof of Theorem [H 

LEMMA 3.1. The restriction mapping r : IC'(X) — > JC'(X') is a Os(S)- 
quasinuclear quasi-isomorphism. 

Proof. Recall that X is the intersection of a Stein open neighbourhood with 
some open ball B £ . Define the complex of sheaves 1C' in B £ x S by the 
presheaf 

K'(u x v) = ic-(unr 1 (v)). 

Both complexes are isomorphic as complexes of Frechet sheaves. Moreover, 
the restriction mapping K,'{B £ x S) — ► fC(B E > x S) is 0s(S)-quasinuclear 
(Proposition 13 - 2[) . This proves the lemma. □ 

2 We slightly changed the formulation by replacing nuclear by quasinuclear but this 
does not change anything in Houzel's proof, for obvious reasons. 
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This lemma shows that Theorem [13] applies, therefore there exists a complex 
£ of free coherent Cg-sheaves so that C'(S) is quasi-isomorphic to 1C'(X). 

Lemma 3.2. The sheaf complexes £ , f*lC\ x are quasi-isomorphic 

Proof. A mapping u : M' — > L of complexes induces a quasi-isomorphism 
between two complexes if and only if its mapping cylinder C'(u) is exact. 
We apply this fact to the mapping cylinder of the quasi-isomorphism 

u:C{S) — >IC(X). 

As the functor <g>Os(P) is exact for any polydisk P C S (Theorem fTO]) . the 
complex C'(u)<g>Os(P) is also exact. 

Using Corollary 13.11 we get that C'(u)®Os(P) is the mapping cylinder of 
u' : C{P) — ► K.'(X fl / (P)). Therefore, the complexes of sheaves £ and 
f*)C\ x are quasi-isomorphic. This proves the lemma. □ 

I assert that the complex K' = fC is quasi-isomorphic to the stalk of the 
complex C at the origin. 

Let (B £n ) be a fundamental sequence of neighbourhoods of the origin in C n , 
so that their intersection with the special fibre of / is transverse. As the 
map / satisfies the aj-condition, we may find a fundamental sequence (S n ) 
of neighbourhoods of the origin in C k so that the fibres of / intersect B £n 
transversally above S n , 

Put X n = f~ 1 (S n ), we have the isomorphism 

£\s n ~ f*K-\x n ~ f*K-\x n nB En - 

The first isomorphism is a consequence of the previous lemma and the sec- 
ond one follows from the fact that the contraction is a quasi-isomorphism 
(Proposition 13 - 1 [) . 

In the limit n — > oo, we get that the complex K' = K, is quasi-isomorphic 
to the complex £ . This concludes the proof of the theorem. 

4. FlNITENESS THEOREM FOR COHERENT IND-ANALYTIC COMPLEXES 

4.1. The sheaves Ox\y Let i : X — ► Y be the inclusion of a complex 

analytic manifold X into another complex analytic manifold Y. The sheaf 

i~ 1 Oy is denoted by Ox\y- If Y is of the form X x T, we denote simply by 

O x \xxT the sheaf obtained from the inclusion of X x {0} in X x T . These 

sheaves are frequently considered in microlocal analysis (|33J). 

The stalk of the sheaf Ox\xxT a t a point xq is the space of germs of holo- 

morphic functions in X x T at the point x = Xq, t = 0. 

It follows from Cartan's theorem A that the ring Ox\xxT is coherent, that 

is, the kernel of any map 

®X\XxT > Ox\XxT 

is finitely generated. Following Serre [37], we say that a sheaf T on a space 
X is Ox\xxT- coherent or that it is a coherent ind- analytic sheaf if it is the 
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The notion of /-constructibility extends trivially to complexes of Ox\xxT~ 
coherent sheaves and to their stalks. 

4.2. Topological properties of the sheaves Ox\y- The sheaves Ox\y 
are inductive limits of Frechet spaces, called LF-spaces. A notion that we 
will now recall. Consider a set of continuous morphisms of Frechet spaces to 
a fixed vector space ui : Ei — ► E, i £ O such that IJien u i(^i) = E- The 
inductive limit topology T of the vector space E is defined by 



Such topological vector spaces are locally convex and bornological, i.e., bounded 
linear mappings coincide with continuous ones. 

In case the Fj's form an increasing sequence of closed vector subspaces in 
E and the Uj's are the inclusions, the resulting LF-space is complete and 
satisfies the Banach theorem, that is, bounded surjective linear mappings 
are open ([£]). In the general case, LF-spaces are not always complete but 
if they are, then they satisfy the Banach theorem provided that the set Q is 
countable ([241125]). 

The space Ocn(A) = MmOcnjU), A C U of holomorphic functions restricted 
to a compact subset A C C n is a LF-space, for instance the germs at a point 
of holomorphic functions in C n form an LF-space. This space is complete, 
Montel and reflexive ([32], Chapter 3, Proposition 5, Corollary 2 and Exam- 
ple b). 

In particular, for any compact neighbourhood id, the algebra Ox\y(A) 
satisfies the assumptions of the Houzel theorem. 

As inductive limits commute with topological tensor products, the topolog- 
ical vector space Ox\y(A) is nuclear. 

4.3. Local finiteness theorem. As the Houzel theorem applies for coher- 
ent ind-analytic sheaves, the proof of the following theorem is exactly anal- 
ogous to that of the analytic case (from now on, we do no longer consider 
direct image sheaves as the conclusions are in all cases similar). 

THEOREM 14. Let f : (C™, 0) — ► (C k , 0) be a holomorphic map germ satisfy- 
ing the cif-condition. The cohomology spaces H P (K') associated to a complex 
of f-constructible Cc»|C n + Ar ,0" coherent modules are f~ l O C k\£k+N ^-coherent 
modules, for any p > 0. 

Let us denote by Wl the maximal ideal of the local ring C k . We identify C k 
to C k x {0} C C fe x C n , From the above theorem, one deduces the following 
algebraic form of the division theorem due to Houzel and Serre. 

Theorem 15 (([IB]). Any C k+ n ^-module M of finite type such that M/MM 
is a finite dimensional C-vector space is itself an C k ^-module of finite type. 




0. 
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Proof. Consider the complex obtained from a projective resolution of M: 

K . . . . O- +n _A>. o . o , tf°(iT) = O^/Im^ » M. 

This complex gives a complex /C of O^xT-sheaves which support is an ana- 
lytic variety V C X xT. Here IcC™ and T C C k are small neighbourhoods 
of the origin in C n and C fc . 

The dimension of M/9JIM is equal to the intersection multiplicity of V with 
the affine subspace X x {0} = {(x,t),t = 0}. Assume that X and T are 
small enough so that the variety V intersects the affine space X x {0} only 
at the origin. Then, the restriction of the complex JC to X X {0} defines a 
Cx|Js:xT,cr co herent sheaf complex in a neighbourhood of the origin X C C™. 
The cohomology of the complex is supported at the origin, it is therefore 
constructible. Theorem Q] implies that H P (K ) = M is a finite type module 
over the ring O^k (here / is the mapping to a point). □ 

5. FlNITENESS THEOREM FOR NON-COMMUTATIVE SHEAVES 

5.1. Statement of the theorem. We now give a generalisation of Theo- 
remCQwhich applies to non-commutative algebras such as algebras of pseudo- 
differential operators. 

Given a holomorphic function / : X — ► S between open subsets X C 
C n , S C C k , we define a category 7i(f). 

The objects of the category 7i(f) are triples (JC',A,B) where A and B are 
sheaves of LF-algebras in the closed neighbourhoods X and S, the com- 
plex 1C' is an /-constructible sheaf complex of coherent ^.-modules in X, 
the sheaves f~ l B C A are sheaves of subalgebras and the differential of the 
complex is / _1 ^-linear. 

A morphism between two objects is a continuous linear mapping between the 
complexes and the algebras without regarding the module and ring struc- 
tures. 

We say that a triple is f -holomorphic, if it consists of a complex of Ox\xxT~ 
coherent sheaves with a f~ 1 Os\sxT linear differential, for some complex 
reduced analytic space T. 

Holomorphic triples satisfy the assumption of the Houzel theorem and this 
property is preserved under isomorphism, therefore we have the following 
result. 

Theorem 16. Assume that the function f : X — ► S satisfies the aj- 
condition. For all triples ()C',A,B) £ H(f) isomorphic to an f -holomorphic 
triple, the cohomology sheaves TL P {K,') are sheaves of coherent f~ l B -modules, 
for any p > 0. 

5.2. The Boutet de Monvel theorem. In [33], the authors proved that a 
division theorem for pseudo-differential operators. In [3], Boutet de Monvel 
showed that this theorem admits an algebraic version (or rather a generali- 
sation) similar to the Houzel-Serre formulation of the division theorem (see 
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also [31], Chapter 3). We give a simple proof of this theorem based on the 
absolute case of Theorem [TBI 

Denote by £ (0) the sheaf of analytic pseudo-differential operator in T*C n « 
C 2n = {(q,p)} of order 0. Let £'(0) be a subsheaf of operators which de- 
pend only on some of the variables, say q±, . . . , qj,p±, ■ ■ ■ ,Pk- We denote by 
£ (0),£o(0) the stalks of the sheaves £(0),£'(0) at the point x G C 2n with 
coordinates q\ = ■ ■ ■ = q n = 0, pi = 1,P2 = 0, . . . ,p n = 0. 

Theorem 17 ([U [31]). For any coherent left £ (0) -module M the following 
assertions are equivalent 

(1) the C j+k-i ^-module M/d~^M is of finite type, 

(2) the £q(0) -left module M is of finite type 

Proof. Denote by X C™"- 7 x C fc_1 the vector subspace of C 2n defined by 
the equations 

qi = ■ ■ ■ = Qj = Pi = ■ ■ ■ = Pk = o. 
The module M is the stalk at the point xq = (0, . . . , 0, 1, 0, . . . , 0) of a sheaf 
M of £ (0)-modules in T*C n w C 2n . 
Consider the complex given by a resolution of M. 

K : ^ £(0) ni £(0) no ^0, H°(lC) = £(0) no /Im5 1 ^M. 

The support of M. coincides with that of M/d~^M., it is therefore an ana- 
lytic subvariety V C C 2n [33j (see also [31], Proposition 4.2.0). 
As the C j+k-i Q-module M/d~^M is of finite type, in a sufficiently small 
neighbourhood U of the origin, the variety V intersects the vector space 
X only at the origin. Therefore the complex K,' restricted to X n U is con- 
structible for the Whitney stratification of XnU consisting of the origin and 
its complement. The restriction of the sheaf £(0) to the complement of the 
zero section in T*C n « C 2n is a sheaf of Frechet algebras ([!]); consequently 
Theorem [16] applies. This concludes the proof of the theorem. □ 
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